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There is a connection between the
development of magic hexagons and a
representation on lattices. We start with an
elementary cell, which can be a point, a triangle
or a square. In the diagrarK, indicates the
number in the sequencéy the number of
parallel straight lines andc the number of
points. For a square or a hexagon with a point at
the centre, the number of parallel straight lines
in each direction is always odd. If a square or a
triangle is at the centre, then triangular figures
are not as regular as those on the square lattice.
The stylish renovation of the front gables at the
Stralsund city hall is due to v. Haselberg, and
the hexagons in the gable rosette designs may
well remind us of the magic hexagon.
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The magic hexagon of Ernst v. Haselberg

by Dr Hans F Bauch,

(this article originally appeared in German in
Wissenshaft und Forschritt 40 (1990)and
has been inexpertly translated by D R Kjng

The year 1888 saw a problem published, as far
as we know for the first time: "In the
following hexagon, can we replace the letters
with the numbers 1 to 19, such that the sum on
every straight line in any direction (with 3, 4
or 5 numbers) is always 38?”

Fig. 1. Ernst von Haselberg, 1827-1905

Fig. 2: "Letter hexagon" after E. v.
Haselberg: How can one distribute the
numbers from 1 to 19 "magically"?

For square or hexagon figures meeting
at a point in the centre, the number of
rows is always odd. If a square or a
triangle is at the center, then the
triangular figures are not as regular as
the square figures.

Diagrams on Lattices

Fig. 2 is a simple diagram on a lattice. Such diag occur in different areas of
mathematics, in crystallography and in physics .(éngthe investigation of the

structure of elementary particles). The diagrame hisr formed from three sets of
parallel and equidistant straight lines, which €ath other at angles of 60°, and sit on
what we shall call a “triangular lattice.” If welset a point on the lattice as the centre
and then include all neighbouring points, and theriude the next neighbouring

points, etc, we obtain a series of hexagons. Imuare lattice a similar series of
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squares would result, except that the number aftpan each side of the square is
always odd (see diagram on the cover page). Ifceatre point is in the middle of

neighbouring lattice points (and therefore not loa fattice), a series of squares with
an even number of points per side results; theesponding situation with a

triangular lattice gives a series of hexagons witlo different side lengths (see

diagram on the cover page).

Magic allocations

Let K be the number in the seriééthe number the parallel straight lines forming the
figure andF the number of points in the figure. By "magic adtion” to a figure we
mean the allocation of the natural numbersFLta theF grid points in such a manner
that on each straight line the same sum results.

A magic allocation will only be possible if

"_F(F+Y
i=1 2

when divided byN results in a whole number; we call this the “magpnstant”M.
All straight lines in the figure sum to this number

For squares (whether centred on or between lgibcgs) we have

F=N?

and thus M is always an integer. We know from tkiem@sive existing literature that
magic squares exist for all values of N>2.

For hexagons the derivation of M is somewhat inedlMWVe therefore only give the
results: For hexagons without a center lattice tpeghave

M =3K®- 075K - )K(K +1)

In this caseM is integer ifK is odd or is divisible by 4. It is surprising tkeésre that it
has been proved that a magic allocation cannotduterfi].

For hexagons with a center lattice point we have

M = 0.031259N° + 18N +%)

From the term
5

N
we can see that M can only be integer if N=5 (tKe8), and therefore M=38 (the
case N = M = 1 is uninteresting!).

The task of 1888, whose solution concerns us nollgws from here. We refer to the
original manuscript of Ernst v. Haselberg from 18&hich we recently found in the
Stratsund city archives.
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The solution of 1887

The letters a, b and e are selected as represestati the outer corners, of the middle
of the outer side and of the internal corners {8ge2). k is the number in the center
of the hexagon.

After combination and elimination (we omit the aditions here), we get the
following equations (using v. Haselberg's desigoagi):

a=2" 38-k 1)
b= 2 (2)

= 2(38- k) 3)
e=38- 2k

(these equations result from the equations:

2 a+ b=6" 38
2 b+2 e=6"38
a+ e-3k=3 38

- the sum of the 6 outer edges, the sum of theoGeshdiagonals and sum of the three
long diagonals).

Now v. Haselberg concludes firstly thatt k £ 8
sinceifk3 9 then ef£20 whishmpossible.

We note that €=38- 2k = 2(19- k) which means we can safely say thae is
even, and we conclude that
e31+2+3+4+5+7

Furthermore no outer corner number can be equairt@; the equation
c+tb+a+a+d+h=2"38c+b+d+h3 72

(a£ 2
for example means thatl6+17+18+18=70<72
and the sum of the four largest numbers

The six lines parallel to the outer sides (the @atiagonals) form a star hexagon. It
has been proved that there are 96 different magimgements of the numbers from |
to 12 (M = 26) [2]; however in our case we requarselection from the numbers 1 to
19 with M = 38 (Fig. 3a, b, ¢), while also fulfilig the other conditions. From the six
equations of the star hexagon combined with equg8pwe have

b=k+o+p (4)
s=k+e+l

etc
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Fig. 3a This point figure on the triangular
lattice is called a "star hexagon". Through
each point run exactly two straight lines -
similar to squares on a square lattice.

Fig. 3b one of the 96 classical solutions

Fig 3c Star hexagons with the same magic
constant develop as a by-product of the
search for the magic hexagon with the magic
constant of 38; the allocation takes place
however not with the numbers from 1 to 12,
but with a selection from the numbers from 1
to 19.

With these equations one can calculate the midalier@dge numbers from the centre
number k and the surrounding inner numbers. Furibez v. Haselberg observes:

b+i+s+| =38 (5) etc
b+e+f=0+p+s=h+m (6) etc
h+l=e+t=c+o0 (7) etc

In addition, we note thatb+e+ f +i+k+1 =38 ; that is to say, we must make the
magic sum on the rhombuses of Fig 5a and alsaritegtes of Fig 5b; the difficulty
of the task is therefore increased.
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The trial phase

v. Haselberg now begins his "trial phase". Firstheoses a centre number k between
1 and 8. From equation (3), e is therefarevin.

He then lists all possible ways to make this sumgausix different numbers between
1 and 19 (excepting k). F&r=8 €  =28iving a unique solution 1 + 2+ 3 + 4 +
5+ 7. The number of the possible solutiamscreases asdecreases:

4 3 2 1

k 8 7 6 5
1 2 3 5 10 12 17 21

z

The six numbers in the inner ring must be arrarggethat no number in the middle of
the outer sides is greater than 19; and no two eusntn the outer sides are the same.

For example, here are two arrangementkfer8, which lead to a contradiction after
calculations using the inner numbers:

Now
b=k+0+p=8+7+5=20>19

Now
g=k+i+0=8+1+7=16

r=k+f+1=8+3+5=16
g=r

In the next example the middle outer edge numbers lze calculated without
contradiction:

X
15 19

X 1 X
2 5

16 8 17
7 3

X 4 X
14 1



v. Haselberg’'s magic hexagon - page

The six numbers remaining are: 9, 10, 12, 13, h8, they must pair to satisfy nine
equations (six for the outside edges, and threthiotong diagonals)

Now for example (ed. note: the original article was incorrect here)

atetk+p+t=38 a+t=25
h+i+k+l+m=38 h+m=25

because
e+tk+p=i+k+l| =13

Since the sum total 25 appears twice, while it caly be made from the available
numbers in one way (25 = 12 + 13), this attempttralso be rejected. In this way v.
Haselberg tried every possible arrangement of ithénaer numbers for each centre
number k , excluding rotations and reflections. Only wikh= 5 and the last
arrangement of

€=28=1+2+4+6+7+8

(fig. 4) does a solution result. Other values f@ tentre numbéedo not give further
solutions, so that the indicated solution (andrésants through symmetry) is unique.
This is in contrast to the many solutions possfblemagic squares and magic star
hexagons.

Fig. 4 - The solution! - found by systematic seaR&production of the original
problem.
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Fig. 5a, b These rhombuses and triangles wittnhexagon also sum to 38 with
each magic allocation.

The discovery of the manuscript

The publication of the task in “Mathematischen uhturwissenschaftlichen
Unterricht” XIX (1888) and the solution in the foling edition XX (1889) came to
the author’s attention from [3]. Other information the history of this task and its
solution are also available. In [4] two algorithraed BASIC programs for the
KC85/3 are presented. Esther Bauch found the @ligihthe task and its solution (top
figure, cover page) in the unsorted estate propefrtthe v. Haselberg family. The
hoped for 1887/88 publication in the (Leipzigedudkrierten Zeitung did not take
place - probably because this newspaper did nadigbupuzzles.

The chief architect

The author of the task, Ernst v. Haselberg, was orStralsund on 30 October
1827. He studied architecture at Bauakademie(building academy) in Berlin and
on 28 April 1856 becamé&gl. Baumeistefed. note: kgl. = koniglich, a title given by
the King of Prussip(fig. 1). From 1857 to 1899 he worked as chiefhdect in
Stralsund, in which role he rendered great servise. example of this is the
restoration of the front of the Stralsund City Hake cover page). V. Haselberg was
very concerned to preserve and care for monumdrgspublished for example
“Baudenkmaler des Reg.-Bezirks StralSuffthe Architectural Monuments of the
Stralsund county region") in five volumes. In rgodion of his many endeavours he
was appointed an honorary member of the “Geselfsfiiapommersche Geschichte
und Denkmalpflege” (“Society for the History andeBervation of Monuments in
Pommern” (ed. note: Pommern was one of the Prussian Stateformer East
Germany, now Poland)Pn 8" January 1859 he married Caroline Tamms and over
15 years he had 10 children with her. V. Hasellsted on f' September 1905 at the
age of 78.
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